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Spline-Based Airfoil Curvature Smoothing and Its Applications

W. Li*and S. Krist"
NASA Langley Research Center, Hampton, Virginia 23681

The performance of a transonic airfoil is directly related to the airfoil curvature profile and its smoothness.
Whereas univariate data smoothing has been studied extensively, very little research has been conducted on
curvature smoothing. Consequently, airfoil smoothing in design environments is largely based on heuristic methods,
and there is an art to the generation of an unbiased smooth fit of the airfoil’s curvature profile by the modification
of its geometry. In this paper, the sum of squares of the third derivative jumps is used as a curvature smoothness
measure for the development of a spline-based airfoil smoothing method, called constrained fitting for airfoil
curvature smoothing (CFACS). CFACS can take out dramatic curvature oscillations with extremely small geometry
changes and smooth an airfoil segment without creating curvature oscillations near the endpoints. Visually, CFACS
generates an unbiased smooth fit of the curvature profile. Examples demonstrating the utility of CFACS show how
the smoothing can be tailored to promote desirable characteristics in performance trade studies.

Nomenclature
A = matrix representing smoothness measure
c = chord length of airfoil
cq = drag coefficient
C lift coefficient
cp = pressure coefficient
f@ = functionof 7 forO0<t <1
FO) rth derivative of f(¢)
5@ cubic spline interpolation of vector y
£2(0) = third derivative of f5(t)
M freestream Mach number
n number of data points
S©) = smoothness measure of vector y
t column vector of 11, 1, ..., 1,

t; = knot location of spline functions

w; = positive weight in smoothness measure

x column vector of x coordinates of airfoil data
Xiy Vi coordinates of point on the plane

Y,y = column vectors of y coordinates of airfoil data
B, s parameters for choosing leading-edge segment
€ percentage error tolerance for smoothing

0 = control parameter (0 <6 < 1) for smoothing

T positive weight for least-squares fitting

2-norm of any vector

Introduction

OR many applications, it is desirable to fit a set of ordered

data points, {(#1, y1), (t2, ¥2)s .., (ty, y,)} With t; <t; .|, by a
nonoscillatory curve. This problem is referred to as data smoothing.
Data smoothing uses some smoothness measure of the curve (such
as the energy of the second derivative of the fitting curve) and seeks
a balance between fitting the data and minimizing the smoothness
measure. This idea goes back to Whittaker,! who proposed the use of
the sum of squares of differences of y; as the smoothness measure
for equally spaced ;. The widely used smoothing spline method,
developed independently by Schoenberg? and Reinsch,® involves
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the following minimization problem:

“[y—rw 7 :

min 6 _— +(1—9)/ o0 d @
! ; |: K j| 1 [f ]
where 6 is a smoothing parameter. Further details on Schoenberg’s
and Reinsch’s works are provided by de Boor* (pp. 207-208).
Wahba’ and Green and Silverman® give complete treatises of the
smoothing spline method from a statistical perspective. (Wahba
also provides a comprehensive historical account; see the fore-
word in Ref. 5.) Most curve and surface smoothing formula-
tions are variations of the smoothing spline method. Hoschek and
Lasser’ (pp. 553-556) summarize a number of formulations used in
computer-aided geometric design.

In general, a smaller value of & means a smoother fitting curve.
However, it is difficult to choose a value of 6 that will achieve the
optimal balance between fitting and smoothing. Typically, the user
inspects the fitting curves for various 6 values, then chooses the fit-
ting that is most desirable. To mitigate subjectivity in the smoothing
process, statistical approaches, such as generalized cross valida-
tion, were proposed to estimate the optimal choice of 6 (Refs. 5,
6, and 8). However, there is no guarantee that the resulting fitting
spline will be what the user wants. As a compromise, Dierckx® de-
veloped a smoothing spline method that finds the smoothest fitting
that satisfies a predetermined fitting error tolerance. The main idea
in Dierckx’s method is to choose a minimum set of knots such that
least-squares fitting of the data by cubic splines with the set of knots
is less than the specified error tolerance, then to find the cubic spline
that satisfies the error tolerance while having the smallest sum of
the squares of the third derivative jumps at the set of knots.

More recently, Lavery!? studied a new spline smoothing method
in which the 2-norm in Eq. (1) is replaced by the 1-norm. He pro-
posed the following formulation for nonoscillatory data fitting:

n In
min 0 i — () +(1—9)/ “O(t)| dr 2
i ;w F@)] ” FARG! @
The rationale behind Eq. (2) is that the 1-norm fitting is less sensitive
to outliers than the 2-norm fitting, making it less oscillatory.
Numerous local smoothing methods to improve the smooth-
ness of a spline curve have also been proposed (Refs. 11-14 and
pp- 563-568 in Ref. 7). These methods are mainly used for interac-
tive fairing of spline curves in computer-aided geometric design.
For exact fitting of data, Akima’s interpolation scheme'*>'® gen-
erates less oscillatory cubic piecewise polynomial curves than the
cubic spline interpolation schemes. However, Akima’s interpola-
tion can generate fitting curves that are flatter than they should be.
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In Ref. 17, Akima discusses which geometric characteristics em-
bedded in a data set should be preserved and proposes an improved
interpolation method for generating “natural-looking” curves.

For airfoil designs under transonic flight conditions, where
the pressure profile is closely related to the curvature profile of
the airfoil, it is generally desirable to have airfoils with smooth
curvature profiles. Hence, in smoothing the airfoil, it is important
to preserve both the airfoil shape and main trends of the curva-
ture profile while smoothing out undesirable curvature oscillations.
However, most curvature smoothing methods pay no attention to
the relationship between the curvature profiles of the original and
fitting curves, as long as the fitting curves have smooth curvature
profiles. See, for example, Ref. 18 and Sec. 23.2 in Ref. 14.

Wagner et al.'” proposed the use of the spring spline method
to smooth data with oscillatory curvature profiles. Their method
solves a discrete version of the beam deflection equation [Eq. (26),
Ref. 19] and finds a cubic spline fitting of the data points such that the
discontinuity jump in the third derivative at a spline knot is a constant
multiple of the fitting error at the same knot. However, the beam
deflection equation is essentially a variational form of Eq. (1). As
shown later, Eq. (1) can have undesirable smoothing characteristics,
such as a tendency to retain low curvature characteristics even when
the designer wants to smooth out a curvature dip of the airfoil.

Campbell® developed a local curvature smoothing procedure
based on Akima’s interpolation scheme for use in CDISC, an in-
verse design tool for aircraft wing design. Campbell’s smoothing
procedure can be described as follows: For each i, compute the
value y; of Akima’s interpolation polynomial at x; with the four
nearest points to x;, then replace y; with Ay; + (1 — 1)y’ with some
weighting factor A where 0 < A < 1. Although Campbell’s proce-
dure is functional, a number of problems arise: The smoothed airfoil
can exhibit substantial geometry deviations from the original airfoil,
and when applied to an airfoil segment, the procedure can generate
curvature oscillations at the endpoints of the segment.

In this paper, a new spline-based airfoil smoothing method, called
constrained fitting for airfoil curvature smoothing (CFACS), is pro-
posed. CFACS modifies the original airfoil as little as possible while
smoothing the airfoil in such a way that the curvature profile of the
modified airfoil becomes an “unbiased smooth fit” of the curvature
profile of the original airfoil. The utility of CFACS is examined by
smoothing curvature bumps on transonic airfoils for performance
trade studies where the smoothing is tailored to promote desirable
characteristics.

Airfoil Smoothing Problem

Because the upper and lower surfaces of transonic airfoils ex-
hibit quite different curvature characteristics, it is preferable to
smooth the two surfaces independently. Hence, the airfoil is de-
composed into an upper surface, defined by a set of data points
{(xY, y¥) : 1 <i <ny}, and alower surface, defined by {(xt, yF) :

1<i<ng}, where x¥ <x{ <. <xV, xF <xl<...<xl, and

xV =xF=yV =yL =0. Such a definition is typically extracted
from a computational grid for the airfoil geometry, where data points
are actual grid points on the airfoil surface. Consequently, data points
tend to be clustered at both the leading edge (LE) and trailing edge
(TE) of the airfoil.

For convenience, let (x, y) denote the dataset {(x;, y;) : 1 <i <n}
that represents either surface of an airfoil, where x and y are column
vectors whose ith components are x; and y;, respectively. The goal is
to perturb the y coordinates of the data set (x, y) so that the modified
data set represents an airfoil surface with a smooth curvature profile.

Note that, to manufacture an airfoil, a CAD definition of the airfoil
surface is needed. Thus, it is natural to assume that the airfoil surface
represented by (x, y) is actually defined by a parametric cubic spline
interpolation of (x,y).

Formulations of the airfoil smoothing problem must then address
three issues: 1) a parameterization for cubic spline representation of
airfoil data, 2) a quantitative measure of visual smoothness of the
curvature profile, and 3) an optimization procedure for the genera-
tion of a fitting with a smooth curvature profile. This section includes
rationales for a knowledge-based spline parameterization, a defini-

tion of curvature smoothness, and formulation of the corresponding
optimization problem for airfoil smoothing.

Parameterization for Preserving the LE Shape

One problem encountered by Campbell?® during his development
of a smoothing procedure for CDISC is that the use of smoothing
to make an airfoil surface very smooth also tends to make the LE
relatively flat. Because the LE shape has a pronounced impact on
the flow characteristics, unwarranted smoothing of the LE is unde-
sirable. Campbell mitigated this problem by using the parameteriza-
tion #; = \/x;, thereby applying smoothing to the transformed data
set {(#;, y;) : 1 <i <n} [denoted by (¢, y)]. This parameterization is
based on “tribal knowledge” that the LE of a transonic airfoil is more
or less like a parabolic curve y? = Ax for some constant % > 0. Now,
with parameterization ¢ = ,/x and the LE approximation y = /A - 7,
the flatness of the smoothed data (¢, y) will not destroy the parabolic
characteristics of the smoothed airfoil data (x, y) near the LE.

Note that the parameterization ¢ = ,/x also solves the LE grid
point clustering problem, making the spacing of points #; relatively
even except at the TE. However, if the airfoil LE rises faster than a
parabolic curve, smoothing procedures using this parameterization
tend to thin the airfoil near the LE. To protect against such a biased
fit of the LE shape, the parameterization ¢t = x* is considered here.
If y? = Ax* represents the LE shape and #; = x for 1 <i <n, then
transformed airfoil data (¢, y) has a flat LE segment and smoothing
procedures have a minimal impact on the LE shape.

A simple estimate of « can be obtained by the computation of
the interpolant y> = Ax>* of the three points (x;, y;), (x2, y2), and
(x3, ¥3). Based on the assumption of x; = y; =0, the desired inter-
polant is completely determined by the following two conditions:

e ©)
The elimination of A in Eq. (3) yields an exponential equation, the
solution of which is

log|ys| —log| |

= =2 = @)
log|x;| — log|x,|

Because this definition of « is very sensitive to the three points near
the LE and could be unreliable, a slight modification of the exponent

is used, namely,
1 1 —1
a—1(1+ oglys| — log[ys| )
3 log|xs| — log|xa|

which is a weighted average of 0.5 and «.

By the use of the exponent defined in Eq. (5) for a nonlinear scal-
ing of the x coordinates, t; = xf‘ a cubic spline function g(¢) is used
to represent the transformed airfoil data (¢, y). Many cubic splines
g(¢t) withknotst) <#, <--- <t,satisfy g(#;) =y, for 1 <i <n.Four
boundary condition options for cubic spline interpolation [bound-
ary conditions 1-4, pp. 43-45, Ref. 4] have been tested, and the
“not-a-knot” condition gives the most natural curvature profile of
the interpolating spline that represents an airfoil surface. Therefore,
the cubic spline interpolation of (¢, y) with the not-a-knot condition,
denoted by f,(¢), is used as the CAD definition of the transformed
airfoil data (¢, y). That is, f,(¢) is the cubic spline function on the
interval [¢,, t,] with knots ¢, <t, <--- <1, such that f(¢;) =y, for
1 <i <n,and f,(¢) is a cubic polynomial on the intervals [#;, #3] and
[t, 2, t,], respectively. Note that #, and ¢, _; are superfluous knots
of f,(t) due to the not-a-knot condition.

Curvature Smoothness Measure of Airfoil Data

Because curvature fluctuations are mainly dominated by second
derivative oscillations, an attempt might be made to use the energy
of the third derivative as a quantitative measure of visual smoothness
of the curvature profile. However, airfoils usually have extremely
high curvatures near the LE. Because minimization of the energy
of the third derivative reduces the magnitude of the LE curvature,
its effects are undesirable. Moreover, sharp turns in the curvature
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profile of an airfoil lower surface are often desirable features to be
preserved during smoothing; minimization of the energy of the third
derivative eliminates such sharp turns. For these reasons, the energy
of the third derivative is not an appropriate smoothness measure for
airfoils. As mentioned earlier, minimum energy splines or smooth-
ing splines tend to reduce the magnitude of the curvature of fitting
curves, generating biased fitting of the curvature profile even though
they are unbiased smooth fittings of the airfoil shape.

The only choice remaining is to use a quantitative measure of
the third derivative jumps of the cubic spline. In this paper, the sum
of the squares of the third derivative jumps at the knots is used
as the smoothness measure. The corresponding airfoil smoothing
problem becomes a convex quadratic programming problem that
can be easily solved.

With cubic spline representation of the data and the sum of the
squares of the third derivative jumps at the knots as the smooth-
ness measure of the cubic spline curve, the following smoothness
measure of the data set (¢, y) is introduced:

n—2

so=3 w6 -G ©

i=3

where £, (1) is the (constant) third derivative of f, between #; _
and ¢, and fy<3) (¢ is the third derivative of f, between #; and #; 4 ;.
Expression (6), with w; = 1, was first used as a smoothness measure
by Dierckx.’

Weights in Smoothness Measure
"3) f o 3 /o . . .
Because f,”(; ) and (@) are linear functions of y, there is
an (n —4) x n matrix A such that

(Ay)i—r = \/E[f_;;(j‘) (ti+) - fym (ti_)] O

for3 <i<n—2.Thus, S(y) = || Ay||. For airfoil data, w; = 1 leads
to an extremely ill-conditioned matrix A. Instead, values of w; are
chosen such that the maximum absolute value of elements in each
row of A is exactly 1. Such a choice of weights in Eq. (6) is purely
heuristic, and further study is necessary to understand its impact on
curvature smoothness.

Basic Formulation of Airfoil Smoothing Problem

With the sum of the squares of the third derivative jumps at the
knots as the curvature smoothness measure, the corresponding air-
foil smoothing problem can be formulated as follows:

n - 2
ming Y (Z2) + - 0))a5)2 )
yeF ! i
where T; are positive numbers used to scale the fitting errors and F is
the set of column vectors y with n components yy, .. ., y, that satisfy
certain constraints. These constraints include endpoint interpolation,
airfoil thickness constraints, and curvature smoothness constraints.

Because the upper and lower surfaces are to be smoothed sepa-
rately, the first and last points on both the upper and lower surfaces
must be fixed. These constraints ensure that the smoothed surfaces
will be connected at the LE and will not modify the thickness at
the TE (whether blunt or sharp). Hence, any y € F must satisfy the
endpoint interpolation condition
1= and .)_)n =Yn (9)
Likewise, when smoothing a segment of the airfoil between chord lo-
cations x,,, and x,, (with 1 <n; < n, <n), the following constraints
are imposed:

Vi =y for 1<i<n and n,<i<n (10)

An important constraint in airfoil design is on the thickness at
specified chord locations. Consequently, it is usually necessary to

restrict the smoothed airfoil, so that it satisfies the thickness con-
straints imposed on the original airfoil. The thickness constraints
are defined as

Yie = Vi, for l1<k<m (11)
where m is the number of thickness constraints and iy, ..., i, are
indices such that x;, is the location where a thickness constraint is
imposed.

Finally, it is desirable to avoid reductions in || Ay||> through trades
of the third derivative jumps at different knots because that allows
the smoothed airfoil data to have more oscillatory curvature than
(x,y) at some chord locations. The following pointwise smoothness
constraints prevent such trades, ensuring that the smoothed airfoil
data is smoother than (x, y) everywhere:

[(Ay)il < [(Ay);|  for 1<i<n-—4 (12)
Inequalities (12) guarantee that the jump in the third derivative of
the spline f;(7) at ; is no more than the jump in the third derivative,
LA = £2 (7)1, of the interpolation spline £, () of the data
(t,y) att;.

Choice of Smoothing Parameter

Let y* be an optimal solution of Eq. (8). If # =0, then Ay* =0,
and fj+(¢) is a cubic polynomial of ¢, a very smooth function. If
0 =1, then y* =y, and no smoothing is performed. Unfortunately,
it is difficult to relate the value of 6 to the curvature smoothness of
(x, *). Instead, Dierckx’s approach® of specifying an error tolerance
is employed. Here, the error tolerance is redefined slightly as a target
value of 100|ly — y*||/+/n and represents the average percent error
with respect to chord length. Because the fitting error ||y —y*|| is a
monotone function of 6, the required smoothing parameter for the
given error tolerance € is found in straightforward manner.

Knot Reduction for TE Smoothing

Typical computational grids for airfoils cluster grid points near
the TE, making it difficult to smooth the curvature profile in this
region. Fortunately, a fairly accurate spline approximation of an
airfoil TE segment can be achieved without the use of all of the grid
points near the TE as the spline knots.

The clustered grid points near the TE can be excluded from the
knot sequence by replacement of the pointwise smoothness con-
straints near the TE with the following not-a-knot constraints:

[(Ay);| =0 for ng<i<n-—4 (13)
where ng is selected so that the minimum value of the objective
function 100|ly — y||/+/n under constraints (10-13) is 0.05¢. That
is, the error caused by the use of a cubic polynomial fitting near the
TE is no more than 5% of the specified error tolerance. Constraints
(13) are only used when n, =n.

LE Section Smoothing

The vertical tangent at the LE causes a major problem for air-
foil smoothing methods in which only the y coordinates of the data
points are to be modified. Let x = x () and y = y(¢) be any paramet-
ric curve that represents an airfoil surface with the LE point x (0) =0
and y(0) = 0. Consider the approach of modifying y(¢) to obtain a
smoother function y(¢). The curvature profile of the original curve,
Kk (t), is given by

_ YOX @) = X"y

Kk (1) >
(CHOIEENNEGIDE

If the original curve has a vertical tangent at =0 and y’(0) exists,
then x"(0) must be 0, yielding |« (0)| = |x”(0)|/4/|y’(0)|. Likewise,
[£(0)| = |x"(0)|/4/|¥'(0)|. That is, the LE curvature of the smoothed
curve is completely determined by the first derivative of y(¢) at# =0,
which is not controlled in the formulation of the problem. This
lack of control near + =0 leads to unpredictable values of y’(0).
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Consequently, nonoscillatory behavior of the curvature profile near
the LE cannot be guaranteed.

Alternatively, if a parametric curve x = g(y) is used to represent
an airfoil segment near the LE that encompasses both the upper and
lower surfaces, then curvature oscillations are directly related to the
behavior of the third derivative g”’(y). In this form, the curvature
over the LE section can be smoothed by modification of the x coor-
dinates of the data points. To do so, it is necessary to define the range
over which LE section smoothing is to be imposed. The basic idea
is to find an LE section that can be parameterized as x = g(y) and
then identify a subsection on which the curve x = g(y) is relatively
flat for smoothing. To identify an LE section on a curve x = g(y),
find the y coordinates of the data points on the LE section that in-
crease by at least a positive constant § for two consecutive points.
For smoothing, choose a relatively flat LE subsection on the curve
x = g(y), which can be accomplished when the slope is forced to
be less than a given constant 8. To define these two LE segments,
let kb kE kY, and kY be the largest indices such that

xF xk

Sl cp for l<i<kb
Vi = Vit
xV =V
L <p for  1<i<k
Yig1 = Vi
}’,'L_)’I'L-¢-|Z‘S for k1L§i<k2L
v -y =8 for kKVo<i<kY

Then the following data points define an LE section on a curve
x=g(y). Let {(X;, 3;) : 1 <i < n} be the relabeling of the airfoil
data

(*fﬁ) (x5, %), 0,0
(xéj’yﬁj)v(xg,ﬁ)ww(szu,yfzy) (14)

Note that n=kY + k% — 1. The indices kL and kU are selected
to ensure that {(%;, §;) : n1 <i <na} (with ny =kl — kL +1 and
ny =n—kY + kV) represents a relatively flat segment on the curve
x=g(y). In general, use k- <kZ —4 and k¥ <kY —4 to ensure a
smooth blending of the smoothed LE segment with the rest of the
airfoil.

The LE section smoothing is formulated by redefinition of z; = J;
and y; =x; for 1 <i <n. The LE section is then smoothed from
chord location fo on the lower surface (via the LE) to chord
location xi’l, on the'upper surface by the solution of Eq. (8) with
constraints' (10) and (12).

Choice of Weighted Sum

Because of the sensitivity of the flowfield to the LE shape and
the heuristic nature of the TE knot reduction strategy, it is desirable
to limit geometry modifications at the LE and TE. This preference
leads to the use of the following values for 7; in Eq. (8):

t=Itn+ (1 —x)l/ty for 1<i=<n 1s)
where tp > 0 is a scaling factor. Note that if 7y is very large, then
7, & 1, and there is no scaling effect. If 7 is very small, then the
solution y* of Eq. (8) fits the airfoil shape at the LE and TE more
closely than at the midsection. The choice of t; is purely heuristic.

Airfoil Curvature Smoothing Method

All of the strategies given in the preceding subsections are
combined to formulate the airfoil curvature smoothing algorithm
CFACS.

CFACS

Let {(xF, y5) : 1<i<ny}and {(xY, yY) : 1<i <ny} denote
the lower and upper surfaces of an airfoil, withxF <xf < ... <xk,
¥V <l <. <xV and xf =xV =y =yV =0.

Upper or Lower Surface Smoothing
Step 1

Let {(x;, y;) : 1 <i <n} be the data points on either the upper or
lower surface. Compute & given in Eq. (5). Use the parameterization
t; :xl‘.i for 1 <i <n. Compute the matrix A in Eq. (7), where f,(¢)
is the cubic spline interpolation of (¢,y) by the use of the not-a-
knot condition. Select n; and n, if a segment of the airfoil is to
be smoothed; otherwise, set n; =1 and n, =n. Choose 7y > 0, for
example 107, and define 7; as in Eq. (15).

Step 2

Pick an error tolerance € and find 6 such that the optimal solu-
tion y* of Eq. (8) with constraints given in Egs. (10-13) satisfies
ly — 3"l = €3/n/100.

Step 3

Inspect the curvature profile of the data set (x, y*). Repeat step 2
by the increase or decrease of € until a satisfactory smooth curvature
profile of (x, y*) is found.

LE Section Smoothing
Step 4

Choose § =0.001 and 8 =0.02. Let {(%;, ;) : 1 <i <n} be the
relabeling of the data points on the LE section as in Eq. (14).
Define ;=39 and y;=4%; for 1<i<n, nj=k} —kF+1, and
no=n-— ké’ +k{/. Compute the matrix A in Eq. (7), where f,(t)
is the cubic spline interpolation of (¢, y) by the use of the not-a-knot
condition. Choose 7; =1 for 1 <i <n.

Step 5
Pick an error tolerance € and find 6 such that the optimal
solution y* of Eq. (8) with constraints (10) and (12) satisfies

ly —5* 1l = ey/n/100.

Step 6

Inspect the curvature profile of the data set (x, y*). Repeat step 5
by increasing or decreasing € until a satisfactory smooth curvature
profile of (x, y*) is found.

Remarks: Whereas the upper and lower surfaces can be smoothed
in any order, LE section smoothing should not be used until the cur-
vature profile is smooth everywhere except near the LE. Otherwise,
severe curvature oscillations at chord locations x;. on the lower sur-
face or x,v on the upper surface are likely to induce oscillations in
the LE curvature. Users may also want to modify the choices of 8
and g to control the LE segment involved in the smoothing process.

One might also treat the airfoil as a parametric spline curve
x =x(t) and y = y(¢) and smooth both x and y coordinates simul-
taneously. The main difficulty in such an approach is the lack of
interaction between the fitting of x(¢) and the fitting of y(¢). When
error tolerances €, and €, are used to control the smoothing of the x
and y coordinates, respectively, it is clear that an increase in both €,
and €, will make the fitting curve smoother; however, the effect of
an increase in €, while reducing €, is much more difficult to discern.
The authors have experimented with a smoothing method similar to
CFACS in which both x and y coordinates of the data are smoothed
and found it very difficult to choose an appropriate ratio of €, /¢,
that leads to a desirable curvature smoothing effect.

There have also been attempts to smooth airfoils by modification
of the shape in the normal directions. That is, to compute a normal
vector (u;, v;) of the airfoil shape at (x;, y;) and use the paramet-
ric form X; = x; + S;u;, y; = y; + §;v; for modification of (x;, y;) to
smooth the airfoil. The objective is to find values of §; so that the
modified airfoil data {(x;, y;) : 1 <i <n} have a smooth curvature
profile. The main advantage of this method is that it tries to modify
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the x coordinates near the LE and the y coordinates over the rela-
tively flat parts of the airfoil. The difficulty is that the normal vector
(u;, v;) is usually contaminated by noise in the airfoil data.

Numerical Results

The utility of CFACS as a curvature smoother has been examined
by extensive tests on numerous supercritical airfoils generated with
inverse design and optimization tools. This section documents se-
lected numerical results demonstrating the behavior of CFACS, the
reasons behind some of the choices made in the formulation of the
method, and its use in airfoil performance trade studies.

In the examples to come, curvature profiles of the airfoil data
are constructed from the following three-point approximation:
Find the circle that fits the three points (x; _y, y; —1), (x;, ;), and
(Xi+1, Yi+1), then use the reciprocal of the radius as the curvature
at (x;, ;). Tests have shown that the three-point curvature profile
accurately approximates the analytical curvature profile obtained
from a cubic spline interpolation of the data. To reflect concavity in
the airfoil shape, a negative sign is used to indicate that the shape
is concave upward for the upper surface or concave downward for
the lower surface. Under this convention, an airfoil as a boundary
curve of a convex region has a positive curvature profile.

First consider an airfoil with 117 grid points on each surface
(np =ny =117). The airfoil is smoothed by the application of
CFACS on the lower and upper surfaces (0 < x/c < 1) withe =0.03
and € =0.001, respectively, followed by LE section smoothing with
€ =0.004. Because airfoil curvature smoothing is a multiscale prob-
lem (large curvature near the LE and relatively small curvature else-
where), several figures are required to distinguish variations in the
curvature profile over different portions of the airfoil.

The effect of CFACS smoothing on the LE shape and curvature,
with and without the use of LE section smoothing, is shown in Fig. 1.
Without LE section smoothing (only the y coordinates of the data
points modified), oscillations in the LE curvature remain. The use
of LE section smoothing, where only the x coordinates of the grid
points are modified, eliminates the oscillations. Note that the large
curvature oscillations are caused by extremely small perturbations
in the geometry at only a few grid points near the LE.

Over the midsection of the airfoil, the curvature is two orders of
magnitude smaller than that at the LE (cf., Figs. 1 and 2). As shown
in Fig. 2, CFACS gives an unbiased smooth fit of the midsection
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Fig. 1 LE a) shape and b) curvature for supercritical airfoil and its
CFACS smoothing, without and with LE section smoothing.
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CFACS smoothing.
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Fig. 3 Lower surface TE curvature profiles of supercritical airfoil and
its CFACS smoothing, without and with knot reduction strategy.

curvature profile. Details of the lower surface TE curvature, shown
in Fig. 3, indicate that the lower surface shape changes from concave
upward to concave downward near —x /c = —0.94 and demonstrate
the need for the knot reduction strategy. Because of the clustering
of grid points near the TE, smoothing without constraints yields
unnecessary curvature oscillations from —x /¢ =—1 to —0.96. Use
of the knot reduction strategy, as detailed in Eq. (13), eliminates the
extraneous oscillations while having an insignificant impact on the
TE shape.

Because the flowfield is very sensitive to the LE shape, it is desir-
able to preserve the LE characteristics of the original airfoil when
smoothing. To demonstrate the impact of parameterization on the LE
shape, the entire upper surface of a supercritical airfoil is smoothed
with € = 0.03 by the use of the two parameterizations discussed ear-
lier, namely, 7 = /x and f = x%. The LE shape in Fig. 4 indicates that
both parameterizations generate an LE shape that deviates from the
original, but the #; = x¥ parameterization yields a better LE fitting.
Figure 4 also shows the effect of using equal weights 7; in Eq. (8),
rather than the weighted sum of Eq. (15). Clearly, the use of equal
weights can lead to severe LE thinning.

The next example is provided to demonstrate differences between
CFACS and the spline smoothing method. To ensure consistency in
the parameterizations, the same knot sequence ¢; :xf‘, 1<i<n,
is used for the spline smoothing method, which employs Eq. (1)
with cubic splines and » =2. The subroutine SMOOTH (details
on p. 211 in Ref. 4) in the NETLIB library is used to generate the
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Fig. 5 Lower surface curvature profiles for supercritical airfoil, its
spline smoothing, and CFACS smoothing.

smoothing spline. The interpolation of two endpoints, f (#;) = y; and
f(t)) = yn, is enforced by adjustment of the weights in SMOOTH
tor;=1,=10"Pand;=1for 1 <i <n.

For illustration purposes, the entire lower surface (with n, = 101)
of a fairly smooth supercritical airfoil is smoothed by both
SMOOTH and CFACS with € =0.09. The results are shown in
Fig. 5. Note that the biased curvature fit by SMOOTH near the
TE is not due to the choice of 0; any other choice of 6§ with fitting
error no less than 0.01 has a similar effect near the TE. As mentioned
earlier, spline smoothing methods tend to minimize the curvature
profile, which is undesirable for airfoil curvature smoothing.

With an understanding of how the curvature profile affects the
flow physics, performance trade studies can be conducted by ad-
justment of the curvature smoothing to promote desirable charac-
teristics. Three distinct airfoil designs are considered, all of which
start from a Whitcomb 11%-thick integral supercritical airfoil (see
Ref. 21) as the baseline, with n;, =ny = 101. To preclude the en-
hancement of performance by airfoil thinning, the thickness is main-
tained at two spar locations (x/c =0.15 and 0.60) and at the maxi-
mum thickness location.

The first example, a point design conducted with the CDISC in-
verse design method,? is primarily used to demonstrate the relation-
ship between transonic flow characteristics and airfoil curvature.
The transonic cruise design point is set at M = 0.74 with the lift
coefficient specified as ¢; =0.7. Pressure coefficient distributions,
upper surface curvature profiles, and drag rise curves for the base-
line, the inverse design (designated as D1), and a CFACS smoothed
design are shown in Fig. 6.

Design D1 is generated by the use of a typical procedure for
the improvement of single-point performance; LE suction is largely
preserved, and shock strength is reduced by a shift in the shock
aft and the lowering of the roof top leading into the shock. The
surface curvature profile for the design exhibits a classical shock
bump centered at x/c =0.38, which corresponds to the location
of the top of the shock. To eliminate the shock bump, CFACS is
used to smooth over the segment 0.02 <x/c <1 with e =0.01. The
smoothing results in a mild expansion before the shock that shifts
the shock forward and increases its strength.
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Fig. 6 Pressure coefficient distribution at a) M =0.74 and ¢;=0.7,
b) upper surface curvature, and c) drag rise curves at ¢; =0.7, for base-
line and inverse design D1, unsmoothed and smoothed.

Drag rise curves for the three airfoils indicate that design D1
provides substantial performance improvements over the baseline
at all Mach numbers below 0.77. Despite the magnitude of the
shock bump, smoothing has a relatively mild effect on the per-
formance characteristics of the airfoil. Nonetheless, smoothing en-
hances the performance at all of the off-design points. The expense
for this improvement is a degradation in performance at the design
point.

This example illustrates the danger in the “start with a dog” prin-
ciple in design method promotion, wherein any design procedure
can be shown to improve performance dramatically provided that
the baseline is sufficiently inappropriate for the application at hand.
(Here the baseline airfoil represents 1966 technology and was de-
signed at M = 0.80 and ¢; = 0.65.) In this case, where performance
differences between the design and baseline are much larger than
those between the unsmoothed and smoothed designs, one might
well question the significance of smoothing. However, a recent es-
timate for a modern transonic transport indicates that a one-count
reduction in drag (¢, = 0.0001) is worth $500,000 per year in fuel
costs. Consequently, the mild tailoring of the drag rise curve shown
here is significant at the level of detail to which wing designers work
in refining a design.

The second design problem is representative of the conditions
typically employed in demonstrating optimizers for multipoint air-
foil design. Design points are specified at M =0.68, 0.71, 0.74,
and 0.77, with ¢; =0.7. The design is generated by the use of a
recently developed airfoil shape optimization method for robust
performance.?
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Fig. 8 Optimized airfoil D2 with smoothing over three different seg-
ments: a) upper surface curvature and b) drag rise curves.

Pressure coefficient distributions at the four design points and the
upper surface curvature profile for the design (designated as D2) are
shown in Figs. 7 and 8, respectively. Comparison of the shock loca-
tions with the curvature profile indicates that the pronounced bump
at x/c =0.68 is associated with the shock at M =0.77. However,
the bump at x/c =0.23 begins well aft of the shock at M =0.71
and forward of the shock at M =0.74. This type of result makes it
difficult to interpret why an optimizer does what it does.

The sharp variations in curvature for this design make it an ex-
cellent test bed for the exploration of smoothing strategies. To un-
derstand the effects of curvature oscillations on the performance of
D2, CFACS is applied with an error tolerance of € = 0.03 over three
separate segments on the upper surface: 0.07 < x /¢ < 0.5 to smooth
the first curvature trough (designated as D2s1), 0.3 <x/c <0.7 to
smooth the midchord curvature trough (D2s2),and 0.4 < x/c <0.95
to smooth the back peak and trough (D2s3). The resulting curvature
profiles are also shown in Fig. 8. Note that the smoothed segments
blend smoothly with the fixed segments in each case.

Comparison of the drag rise curves for the four airfoils (also
shown in Fig. 8) indicate that smoothing out the first curvature
trough (D2s1) provides a significant performance enhancement at
the mid-Mach numbers at the expense of higher drag at M =0.77.
Hence, this feature was generated to assist in the reduction of the
drag at higher Mach numbers, even though it occurs well ahead of
the shocks at those conditions. Smoothing out the midchord trough
(D2s2) has little effect everywhere except at the intermediate Mach

number M =0.755. This type of result, where off-design perfor-
mance is significantly improved with no degradation in performance
elsewhere, illustrates a major motivation for smoothing. Smoothing
the back end (D2s3) has little effect except at M = 0.77, for which
the drag increases. One can tailor the back end smoothing to
keep the drag at M =0.77 from increasing, for example, start the
segment smoothing from 0.5 rather than 0.4; however, there is usu-
ally a strong tradeoff between the performance at M =0.755 and
0.77.

In the preceding examples, thickness constraints are not used
in smoothing because constrained smoothing over relatively small
segments usually restrains CFACS from making appreciable curva-
ture changes. Over larger segments, smoothing with thickness con-
straints has a more benign effect. This effect is demonstrated when
both unconstrained (D2s4) and constrained (D2s5) smoothing are
conducted over the upper surface segment 0.05 <x/c <0.90 with
€ =0.02; results are shown in Fig. 9. The constrained smoothing
preserves the thickness at two spar locations (x/c =0.15 and 0.6)
and the maximum thickness location. The curvature profiles indi-
cate that the constrained smoothing deviates somewhat less from
the baseline curvature profile than unconstrained smoothing. The
constrained smoothing has a positive effect on drag at higher Mach
numbers centered around M = 0.74, whereas it has a smaller, nega-
tive effect at lower Mach numbers centered around M = 0.695. Of
course, the primary reason for employment of the constraints is to
preclude their violation. In this case, the unconstrained smoothing
reduces the maximum thickness by 0.2% but still satisfies the two
spar constraints.

Parametric studies on the length of smoothed segments and the
value of the error tolerance on both the upper and lower surfaces of
D2 were conducted for constrained smoothing. The lower surface
proves to be quite insensitive to smoothing. Even the use of a large er-
ror tolerance (¢ = 0.04) over the full chord has a negligible effect on
performance, though that effect is negative everywhere. Smoothing
the upper surface near the LE, for example, over 0.003 < x/c <0.07,
has a negative effect on low Mach performance while providing a
more modest positive effect at high Mach numbers. Smoothing a
large chord segment all of the way to the TE, for example, over
0.05 <x/c <1 rather than over 0.05 <x/c <0.9, has a small nega-
tive effect on performance everywhere. However, with a midchord
segment being smoothed, additional smoothing over the back end
of the airfoil has a positive effect. This result is demonstrated by
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airfoil D2s6, where the back end of airfoil D2s5 is smoothed from
0.7 <x/c <1 with € =0.05. The results in Fig. 9 indicate that the
additional smoothing is worth a one-half-count reduction in drag
everywhere except at M =0.77, for which the drag reduction is
more modest. Note that smoothing all of the way to the TE with a
large error tolerance can dramatically thin the airfoil near the TE;
however, this is not an issue in this case.

Based on these and other results, the preferred strategy devel-
oped for CFACS is to use a fairly strong segment smoothing or a
sequence of segment smoothing on the upper surface, followed by a
mild smoothing on the entire upper surface (¢ =0.001), a somewhat
stronger lower surface smoothing (¢ =0.01), and a mild LE section
smoothing (¢ =0.001). Users should then tailor the upper surface
segment smoothing to promote desirable characteristics.

Three examples of tailored smoothing are shown in Fig. 10. Air-
foil D2s7 is constructed by smoothing over the segment 0.04 <
x/c <0.5 with € =0.02, then 0.04 < x/c <0.9 with € =0.01, then
0.7 <x/c <1.0 with € =0.03, followed by the full chord and LE
section smoothing prescribed earlier. The intent here is to smooth the
forward and midcurvature troughs to improve the performance at the
mid-Mach numbers and M = 0.755, respectively, while the elevated
curvature around x /¢ = 0.7 is preserved to preserve the performance
at M =0.77. The drag rise curve indicates that performance is bet-
ter than the baseline at all mid-Mach numbers, whereas it is only
slightly worse at the lowest and highest Mach numbers. Airfoils
D2s8 and D2s9 are constructed by smoothing with € =0.03 over
the segments 0.04 < x/c <0.87 and 0.02 < x/c <0.9, respectively,
followed by smoothing from 0.7 < x/c < 1, followed by the use of
the full chord and LE section smoothing prescribed earlier. The drag
rise curves indicate that D2s8 trades performance at M = 0.77 for
improvements at M = 0.755, whereas D2s9 trades performance at
both ends of the Mach range for additional improvements at the
mid-Mach numbers. Note that the authors were not able to smooth
D2 in a manner that improves performance at both ends of the de-
sign range (M = 0.68 and 0.77) without significant degradations in
the mid-Mach performance.

In the last example for this case, the advantage of CFACS smooth-
ing over the local smoothing method implemented in CDISC is
demonstrated. A comparison for unconstrained smoothing is not
particularly meaningful because the Akima interpolation method
employed in CDISC reduces the airfoil thickness to a much greater
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Fig. 10 Comparisons for smoothing optimized airfoil D2 with three
tailored smoothing strategies: a) upper surface curvature and b) drag
rise.

extent than similar smoothing from CFACS. To implement a con-
strained smoothing within CDISC, subsequent to the smoothing, a
variable scaling of the airfoil is employed to match the thickness
constraints. To keep the comparison as simple as possible, CDISC
smoothing is applied over the same upper surface segment smoothed
in D2s5 (0.04 <x/c <0.9), with 100 iterations; results are shown
in Fig. 11.

The curvature profile for the airfoil smoothed by CDISC, desig-
nated as D2s10, is quite similar to that from CFACS, except near the
end of the segment where the last trough is smoothed out a bit more.
However, the shape of the D2s10 airfoil deviates from the baseline
shape quite a bit more than D2s5. In fact, due to the use of scaling
to meet the thickness constraints, the shape of D2s10 changes well
in front of x /¢ = 0.04, leading to a blunter LE. The impact of these
differences on the drag is seen primarily from M = 0.71 to 0.77, for
which the performance of D2s10 is significantly worse than D2s5.
Attempts to correct this deficiency by smoothing over a number of
segments proved unsuccessful because the CDISC smoothing tends
to generate undesirable curvature bumps at the end of the smoothed
segments.

The third design problem is representative of the type of condi-
tions typically used in industrial multipoint design efforts. Three
design points are used to represent the start, middle, and end cruise
conditions (¢; =0.76, 0.70, and 0.64, respectively, at the cruise
speed M =0.76), with a lower speed design condition (M = 0.70,
¢;=0.70) used to limit degradation in the climbout performance.
The robust optimization method employed in design D2 is used here
as well.

Results for the optimized design (designated as D3) and a CFACS
smoothing are shown in Fig. 12. Here, CFACS is applied to smooth
two upper surface segments, first over 0.02 <x/c <0.8; then over
0.02 <x/c <0.99 (both with € =0.03), followed by the full chord
and LE segment smoothing prescribed earlier. Note that an addi-
tional smoothing over segments near the TE of the airfoil is not
used here because it causes the airfoil near the TE to become im-
practically thin.

Drag rise curves for design D3 exhibit a drag rise bucket at all
three cruise conditions, wherein the drag does not increase monoton-
ically over the Mach range (0.66 < M < 0.76). The bucket, which
becomes more pronounced with increasing lift coefficient, is un-
desirable in that it is associated with a performance penalty in the
climbout to cruise, and climbout performance is a factor in sizing
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the engines. The smoothed airfoil eliminates the buckets at the lower
lift coefficients and softens the bucket at ¢; = 0.76, with substantial
reductions in drag at the lower Mach numbers.

The expense for changing the character of the drag rise curves is a
degradation in performance at mid-Mach numbers for the two high-
lift coefficient conditions and at the design point for M =0.76 and
¢; = 0.64. In fact, substantial effort was required to tailor the smooth-
ing to preserve as much of the performance at M = 0.76, ¢; = 0.64 as
possible. It was found that any significant smoothing of the aft curva-
ture bump leads to the formation of a double shock at this condition
that quickly leads to significant increases in the drag. Whereas the
smoothed airfoil significantly improves the overall characteristics
of the design, it does not fix it; specifically, the drag rise bucket for
¢; =0.76 has not been eliminated. In practice, the designer would
need to go back and reoptimize the configuration with a stronger
preference on optimizing the performance at both the end cruise
and the low Mach design conditions.

The preceding examples demonstrate that with knowledge of how
the airfoil curvature profile affects the flow characteristics, CFACS
can be used to tailor the curvature to provide modest alterations in
the airfoil performance characteristics and to eliminate unnecessary
curvature oscillations. Moreover, the results suggest that variance
in the performance of a smoothed airfoil will be less than that of an
unsmoothed airfoil. However, the tailoring can require a rather com-
plex specification of multiple smoothing segments and error toler-
ances. It is an exploratory process, where analyses of the smoothed
airfoils are used to understand the effects of curvature bumps on
airfoil performance.

In general, one can get very satisfactory smoothing results by run-
ning CFACS a few times with fitting error tolerance € ranging from
0.001 to 0.05 for upper or lower surface smoothing, though care
must be taken with smoothing the upper surface LE. The LE section
smoothing can usually be achieved by the use of an extremely small
error tolerance, with little if any effect on the flow characteristics
of the underlying airfoil. Except at the LE, the solution of CFACS
always has a smoother curvature profile than the original airfoil ev-
erywhere. When used to smooth an airfoil segment, CFACS always
blends the fixed segments and the smoothed segment without cre-
ating any curvature oscillations at the endpoints of the smoothed
segment. This property is essential when the smoothing is tailored
in trade studies.

Conclusions

In this paper, the sum of squares of the third derivative jumps of
the cubic spline interpolation of airfoil data is used as a curvature
smoothness measure of the data. A formulation for minimization of
the smoothness measure within a specified fitting error tolerance is
developed. This formulation is incorporated in a tool called CFACS
that is used for smoothing an airfoil segment while preserving the
thickness at specified chord locations.

CFACS is a combination of rigorous mathematical modeling
and knowledge-based heuristics. Rigorous mathematical formula-
tion assures users that CFACS will take out undesirable curvature
oscillations with minimum modification of the airfoil geometry.
Knowledge-based heuristics bridge the gap between theory and best
practices by designers.

CFACS has been extensively tested on a number of supercritical
airfoils generated from inverse design and optimization tools. All
of the smoothing results show that CFACS is able to generate unbi-
ased smooth fitting of the curvature profiles, trading small geometry
modifications for dramatic improvements in curvature smoothness
by eliminating curvature oscillations and bumps. The demonstrated
capabilities of CFACS indicate that it is a powerful tool for the
clean-up of airfoil curvature oscillations and to smooth out curva-
ture bumps for transonic airfoil performance trade studies.

For aircraft wing design, the shape of the wing can be defined
by a finite set of airfoil sections connected in the spanwise direc-
tion by a smooth surface (such as a bivariate B-spline or NURBS).
Because the airfoil sections from computational designs typically
embody undesirable curvature oscillations, a tool based on CFACS
would provide a powerful means for the clean-up of the design
wherein the change in shape is minimized. Moreover, a wing curva-
ture smoothing problem could be formulated by the use of the sum
of squares of the third derivative jumps as a curvature smoothness
measure for a bicubic B-spline representation of the wing. However,
due to relatively small curvature changes in the spanwise direction,
it might be more meaningful to use the magnitude of the first or
second directional derivative in the spanwise direction, along with
the curvature smoothness measure for the airfoil sections.
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